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Abstract 

We discuss conformal metrics of curvature 1 on tori and on the 
sphere, with four conic singularities whose angles are multiples of vr. 
Besides some general results we study in detail the family of such 
symmetric metrics on the sphere, with angles (vr, Svr, tt, Stt). As a 
consequence we find new Heun’s equations whose general solution is 
algebraic. 
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1 Introduction 

The general problem studied here concerns conformal Riemannian metrics of 
constant positive curvature with conic singularities on a compact Riemann 
surface S. For the history of the problem and its relevance to mathemat¬ 
ics and physics we refer to [33, 26, 31, 25, 16, 12, 13, 27]. The goal is to 
classify such metrics up to isometry, in particular to determine for a given 
Riemann surface, how many such metrics exist with prescribed singularities 
and prescribed angles at each singularity. 
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Analytically the problem consists in the study of the Liouville equation 


Am + 6^“ = 0 


( 1 ) 


on the punctured Riemann surface, with prescribed singularities at the punc¬ 
tures. If p{z)\dz\ is the length element of the metric in a local conformal 
coordinate, then p = e“, and equation (1) expresses the fact that the curva¬ 
ture equals 1. The behavior at a singularity a G S' is p{z) ~ c\z\°‘~^, where 
c > 0, 2 : is the local coordinate which is 0 at a, and 2 q; > 0 is the angle at 
the singularity. 

Here and in what follows we measure the angles at the singularities in 
half-turns, for example “integer angle” means an integer multiple of vr radians. 

An important special case is that of symmetric metrics, that is metrics 
which are invariant with respect to an anti-conformal involution which leaves 
all singularities hxed. In the case of the sphere, such metrics are in one-to- 
one correspondence with spherical polygons [13]. So the problem in this case 
consists in classification and enumerating spherical polygons of prescribed 
conformal type with prescribed angles at the corners. 

Every surface of constant curvature 1 is locally isometric to a piece of 
the standard sphere. This isometry is analytic in conformal coordinates, so 
it admits an analytic continuation along every path not passing through the 
singularities, and we obtain a multi-valued analytic function 


/ : S\{aQ ,..., ttn-i} C, 


where aj are the singularities, and C is the Riemann sphere. This function / 
is called the developing map, and the length element of the metric is expressed 
in the form 


p{z)\dz 


2\f\\dz\ 

1 + i/r 


Monodromy of the developing map consists of linear-fractional transforma¬ 
tions (rotations of the sphere), so the Schwarzian derivative 


S[/] := 


/' 2 



2 


is single valued on S\{ao ,..., a„_i}. The behavior of / near the conic singu¬ 
larities Qj implies that S[/] has double poles at these points, with principal 
parts related to the angles (see below). This implies that S[/] = R, where R 
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is a rational function in the case of the sphere, and an elliptic function in the 
case of a torus. General solution of this Schwarz equation is a ratio of two 
linearly independent solutions of the linear differential equation with regular 
singular points 

w” + ]^Rw = 0. (2) 

The exponent differences at the singular points are the angles. After a nor¬ 
malization n — 3 free parameters remain which are called accessory param¬ 
eters. In terms of this equation, our general problem is equivalent to the 
following: 

For given singular points and the exponent differences, how many values of 
accessory parameters exist, so that the monodromy group of (2) is conjugate 
to a subgroup of PSU (2). 

In the case of three singularities, there is no accessory parameter, the 
equation (2) is hypergeometric, and the problem of classihcation of the met¬ 
rics was completely solved for this case in [21, 7, 16]. The case of four 
singularities corresponds to Heun’s equation which has one accessory param¬ 
eter. The assumption that the angles are integers leads to the special case of 
the Heun equation, which is equivalent to the so-called Darboux-Treibich- 
Verdier equation [35], and which is easier to study because its general solution 
is meromorphic on the universal cover of the torus, and can be expressed in 
terms of Abelian integrals. 

For n > 4, the existing results show that the general problem described 
above is very difficult, see, for example, the recent study of metrics with 
one singularity of integer angle on a torus [25, 4, 5], or classification of such 
symmetric metrics with four angles, at least one of them even integer, on the 
sphere [12, 13, 14]. 

In this paper we study new special cases. We restrict ourselves to the 
cases of four singularities with even angles on tori and integer angles on the 
sphere. 

In the hrst part of this paper we establish a relation between the metrics 
on the sphere and on tori, and restate the results obtained in [11, 12, 13, 14]. 
In the second part we study the simplest family which is not covered by 
the existing results, the metrics with angles (6, 2, 6, 2) on rectangular tori, 
satisfying some additional symmetry conditions. This metric has in fact only 
two conic singularities. By the results of the first part, this is equivalent to 
the study of symmetric metrics on the sphere with angles (3,1, 3,1). 

We thank Walter Bergweiler, Chang-Shou Lin and Dmitrii Novikov for 
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useful discussions of the problems considered here. We also thank the anony¬ 
mous referee who corrected several mistakes and suggested improvement of 
the exposition. 

2 Metrics on the sphere and on tori 

We consider a metric of curvature 1 on a torus 

T = C/A, A = {mcui-|-ncus : m, n G Z}, r = cas/cui, Imr > 0, 

with four conic singularities at half-periods a;j/2, 0 < j < 3, where uo = 
0, U 2 = cui + ujs, and the metric has an even angle at each singularity. Let 
the angles be 2mj, mj G N. Then the developing map F must satisfy the 
Schwarz equation S[F] = R, where R is an elliptic function of the form 

3 

R{z)/2 = - ^ {rijirij + l)p{z - Uj/2) + bjC{z - Uj/2)) + A, 

j=0 

with Uj = {mj — l)/2, and = 0) is explained below. The gen¬ 

eral solution of the Schwarz equation is a ratio of two linearly independent 
solutions of the equation 

- (lI%(% + l)p(^-^i/2) + II&iC(^-^^i/2) + A| n; = 0. (3) 

\j=0 j=o j 

The exponents at the singnlarities of (3) are determined from the character¬ 
istic eqnation 

p(p- 1) -nj{nj + 1) = 0, 

whose solutions are p = 1/2 ± {uj -|- 1/2), so the difference of the exponents 
is mj = 2nj + 1, and these are halves of our prescribed angles of the metric 

on T. 

Monodromy of the developing map cannot contain a parabolic transfor¬ 
mation, so there should be no logarithms in the local solutions of (3) near 
the singularities, and equation (3) must have trivial monodromy at tZj/2. In 
other words, all singularities must be apparent. This gives three polynomial 
conditions on the parameters bj, see, for example [17]. In addition to this, we 
have conditions on the accessory parameter A which ensnre that monodromy 


4 



of (3) is unitarizable, that is conjugate to a subgroup of SU (2). In particular, 
these conditions of absence of logarithms are always satished if all bj = 0, in 
which case (3) becomes the Darboux-Treibich-Verdier equation 

w” — nj{nj + l)p{z — Uj/ 2 ) + w = 0. (4) 

For this equation an explicit formula for the general solution of (3) can be 
written [34], 

The monodromy coming from the fundamental group of the torus must 
be conjugate to an Abelian subgroup of PSU{2). There are only two kinds of 
such groups [22]: the Klein Viergroup {^1272)^ and a cyclic group (hnite or 
inhnite). By a post-composition of F with an element of PSIJ (2), which does 
not change the metric, we can achieve that F satishes one of the following: 

F[z + cai) = -F[z), F{z + U 3 ) = l/F{z), (5) 

or 

F{z + Uj) = e^^^^^F{z), j = 1, 3. (6) 

We call two metrics equivalent if their developing maps are related by post¬ 
composition with a linear-fractional transformation. Thus in the case (6) 
each metric is a member of a one-parametric family of equivalent metrics 
with developing maps kF, k ^ 0. 

Theorem 1. Suppose that bj = 0, 0 < j < 3 in (3). Then in ease (5) 
the metrie is even, that is invariant under z i-4 — 2 :, while in ease ( 6 ) eaeh 
equivalenee elass eontains an even metrie. 

This generalizes results from [4], sections 2.1 and 5.1. 

Proof. It is sufficient to show that 

F{-z) = TF(z), (7) 


with T € PSU(2). 

That F satishes (7) with some T G PSL{2, C) is clear because the 
Schwarzian S[F] is even. It is also clear from (7) that 

= id, (8) 
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so T is either an elliptic transformation with multiplier —1 or the identity. 
If T = id, the proof is hnished, so assume that the multiplier of T is —1. 
Suppose now that F is a meromorphic function, satisfying (7), and 

F{z + uj) = SF{z) (9) 


where S' is a linear-fractional transformation. We claim that in this case the 
equation 

STS = T (10) 

must hold. Indeed, (9) implies 

F{z-u) = S-^F{z) (11) 

and also 

F{-z + u) = SF{-z). (12) 

Using (7), (12) and (11) we obtain 

STF{z) = SF{-z) = F{-z + u) = F{-{z - u)) = TF{z -u) = TS-^F{z), 


which implies (10). 

Suppose that (5) holds. Both equations in (5) are of the form (9) with 
S~^ = S, thus ST = TS. Using the hrst equation (5) in which S{z) = —z, 
we conclude that T{z) = cz or T{z) = c/z, c 0. In the first case (8) implies 
= 1, so T G PSU{2). In the second case, we use the second equation in 
(5) which implies that T commutes with S{z) = 1/z, and conclude again 
that c2 = 1 and T e PSU{2). 

Suppose now that (6) holds, and S{z) = kz, k = k ^ 1. Then (10) 

gives 

kT{kz) = T{z). (13) 


Substituting 


T{z) 


az + b 
cz + d 


to (13), after simple computation we obtain 


bd = 0 and ac = 0, 


and 


ad = 0 or k = —1. 
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1 and T{z) = {a/d)z. Using (8) we 


If 6 = 0, then a ^ 0, d ^ 0, so k = — 
conclude that T{z) = —z. 

If d = 0, then c 7 ^ 0, 6 7 ^ 0, so a = 0 and T{z) = b/{cz), and after 
multiplication of F by a constant we obtain T G PSU{2). 

Finally, if we have (6) with both multipliers kj = 1, then F is an elliptic 
function, with F{—z) = TF{z), where T is an elliptic transformation satisfy¬ 
ing (7). Let V G FSL{2, C) be such that VTV~^ G PSU{2) then the metric 
with the developing map UF is even. 

This completes the proof of Theorem 1. 

Every even metric on the torus is a pull-back of a metric from the sphere 
via the p function. Thus we obtain a metric on the sphere, which has 4 
singularities at the critical values of p, that is at cx), Ci, 62 , 63 , and the angles 
at these singularities are 2a j = rrij. We denote by / the developing map 
on the sphere, so that F = f o p. The developing map / is a ratio of two 
solutions of the Heun equation 


w" + 


2 1 

u=o 


2n,- 


w' + 


a'a"z 


E 


n?=o(^ 


-w = 0, 


(14) 


where 

a' = {1 + ns - n 2 - ni - no)/2, 
a" = -{ns + n 2 + ni+ no)/2, 
and ( 00 , 01 , 02 ) = ( 62 , 63 , 61 ). Now we consider four cases. 

Case 1. All mj are odd. 

Then the monodromy of / is generated by four non-trivial involutions. 
Proposition 1. In Case 1, F satisfies ( 6 ). 

This generalizes a result [4, Thm. 0.3]. 

Proof. Proving this by contradiction, assume that we have (5). Then 
the monodromy group of F is the Klein Viergroup V = (Z/2Z)^. Let aj be 
conformal involutions of C with hxed points cOj/ 2 , 

crj(z) = Uj — z, 0 < j < 3. 

Their images in the monodromy group are non-trivial elements of V, because 
all ruj are odd. As V contains only three non-trivial elements, two of the 
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distinct involutions a and a' have the same image, so the image of acr' in the 
monodromy group must be the identity. But era' is a translation by some Uj, 
so we obtain a contradiction with (5), which proves the Proposition. 

In the remaining cases, some rrij are even, thus the metric on the sphere 
has at least one even angle. All these cases were studied in detail and com¬ 
pletely classihed in [29, 11, 12, 13, 14]. We state the results. 

Case 2. Exactly one of the ruj is even. 

Let mo = 2 q;o be the even angle. Then it follows from [14, Proposition 
4.2] that there are at most ao distinct metrics, and for generic tori there are 
exactly ao of them. The accessory parameters A are found from the algebraic 
equation that expresses the absence of logarithms in the solution of the Heun 
equation. 

Case 3. Exactly two of the ruj are even. 

Let rUj = 2aj, 0 < j < 3 and assume that 

a 3 = r-Fl/2 , ao = s + l/2, ai = p, a 2 = q. 

Then according to [12, Thm. 4.1] there are two subcases: 

Subcase 3a. p -|- g -|- r -|- s is even, |r — s| < p -|- g, and the number of 
classes of metrics is at most (p + g— |r — s|)/2 with equality for generic tori. 
Subcase 3b. p-|-g-|-r-|-s is odd, r-|-s-|-3 <p-|-g, and the number of 
classes of metrics is at most (p-|-g — r — s — l)/2 with equality for generic 
tori. 

If three of the rUj are even then all four must be even, because the product 
of local monodromies is the identity, and we obtain the last case: 

Case 4. All rUj are even. 

In this case, / is a rational function with four critical points of orders 
mj/2. Such functions were classihed in [29, 11]. 

So in all cases 2,3,4, we have a complete classiheation of metrics in ques¬ 
tion. 

In the next sections we consider a special family which belongs to Case 1. 



3 Spherical rectangles. Statement of results 

Here we begin to study spherical quadrilaterals whose angles are odd multi¬ 
ples of 1/2. We call them spherical rectangles. 

Metrics on the sphere corresponding to spherical rectangles are symmet¬ 
ric with respect to a circle, and without loss of generality we may assume 
that this circle is the real line. Singularities lie on the real line. Consider 
the ramihed covering of degree 2 from a torus to the sphere, ramihed over 
these singularities. It is a composition of an element of PSL{2, R) with 
the Weierstrass p function whose invariants ej = p{uj/2) are real. Such 
Weierstrass functions are dehned on “rectangular” tori, which means that 
^ 3/^1 = "IK, K > 0. The pull back of the metric on the torus has singulari¬ 
ties with even angles at half-periods uJj/2. 

In each quadrilateral we mark one corner. Two quadrilaterals are consid¬ 
ered congruent if there is an orientation preserving isometry sending one to 
another and sending the marked corner to the marked corner. 

We usually choose the upper half-plane R as a conformal model of a 
spherical polygon. Then the corners aj become points on the real line, and 
the metric has the length element p{z)dz, p = e“ where u satishes (1). Then 
the spherical polygon is a pair Q = {H,p), where p has conic singularities at 
aj and the sides (aj,aj+i) are geodesic with respect to the metric p. 

Developing map of a quadrilateral satishes the Schwarz equation asso¬ 
ciated with the Heun equation, as explained in the Introduction (see also 
[ 12 ]). 

Our hrst result is 

Theorem 2. Let f : Q ^ C be the developing map of a spherical guadrilat- 
eral whose angles are odd multiples of 1/2. Then there are two opposite sides 
whose f-images are contained in the same circle. On the other hand f{dQ) 
is not contained in two circles. 

Thus there are two types of such spherical quadrilaterals: in the hrst 
type one of the two sides whose images belong to the same circle ends at 
the marked corner, and in the second type such a side begins at the marked 
corner. 

To state our main result we dehne the conformal modulus. Let us map 
conformally our quadrilateral onto the rectangle (0,1,1 -l- fiL, iiL), so that 
the marked corner is mapped to 0. Then iL > 0 is called the modulus. 
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Theorem 3. There are two continuous families of spherical quadrilaterals 
with angles (3/2, 1 / 2 , 3/2, 1 / 2 ), and angle 3/2 at the marked corner. One 
family consists of quadrilaterals of the first type, and the modulus in this 
family varies from 0 to Kcrit < 1 ■ The second family consists of quadrilaterals 
of the second type, and the modulus varies from 1/Kent to oo. Each family 
contains exactly one quadrilateral of the given modulus in the described range. 

So there is a “forbidden interval” [Kent, l/-^crit] for the moduli of spherical 
quadrilaterals with angles (3/2,1/2, 3/2,1/2). 

Theorem 3 is proved in the next section. 

Proof of Theorem 2. Let us enumerate the great circles Cj which contain 
the images of sides according to positive orientation of the boundary, so that j 
is a residue modulo 4. We may assume that C\ and are real and imaginary 
axes, then Cs must cross the real axis perpendicularly at the points r, — 1 /r, 
and C/t must cross the imaginary axis perpendicularly at the points it, —i/t. 
Without loss of generality r > 0 and t > 0. 

If the 4 circles are in general position (that is there are no triple inter¬ 
sections), then both r and t are hnite, positive, and there is a crossing point 
A of C 3 and C 4 . The centers of C 3 and C 4 are at C 3 = (r — l/r)/2 and 
Ci = i{t — l/t)/2. Their radii are rs = (r-|-1/r)/2 and r 4 = (t-|-l/t)/2. Then 
we obtain from the right triangle ( 02 , 0 , 04 ) that the square of the distance 
between the centers is 


(r — l/r)^/4 + (t — l/t)^/4. 

On the other hand the angle between the radii of and C 4 , at A is right, so 
the same distance is 


(r l/r)^/4 + {t + l/ff/A, 

a contradiction. Therefore the images of two opposite sides must he on the 
same circle. 

The non-generic cases are easy and we leave them to the reader. 

To prove the last statement of Theorem 2 by contradiction, suppose that 
f{dQ) is contained in two circles. By post-composition of / with a rotation 
of the sphere, we may assume that these two circles are intersecting at 0 
and 00 , and one of them is the real line. As all angles of our quadrilateral 
are odd multiples of 1 / 2 , the corners must be mapped to 0 and 00 , and the 
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other circle is the imaginary line. Then extends by symmetry to a rational 
function with two critical values 0 and oo. So we must have P{z) = cz"', but 
then /“^({O, cxd}) consists of only two points. This is a contradiction which 
proves the last statement of Theorem 2. 

Let our three circles be the real line, the line ia through the origin making 
angle a with positive ray, and the unit circle. The /-images of the two 
opposite sides lie on the unit circle and the images of the other two sides on 
R and ia, respectively. We have one continuous parameter a G (0,1), and 
the modulus of the quadrilateral depends on the angles and on a. 

The group generated by reflections in the /-images of the sides has a 
subgroup of index 2 consisting of conformal maps; this subgroup is the mon- 
odromy group of our developing map if —)■ C. The monodromy group 
is generated by 3 elliptic involutions with hxed points (0,cxd), (1,-1) and 
(gTTia, consists of the maps of the form 

z^e^^z and z^e^™lz, (15) 

where m is any integer. When a is rational, this group is hnite, it is a 
dihedral group, and the developing map is algebraic. For this case, there is a 
theorem of Klein (see [2]) which says that the Heun equation is a pullback of a 
hypergeometric equation with hnite monodromy group. This means that the 
developing map factors as ho h, where h is a solution of the hypergeometric 
equation (in our case h~^ is a conformal map of the triangle with angles 
(1/2,1/2, 2q;) onto the upper half-plane, and & is a Belyi rational function 
which can be computed algebraically). 

Our monodromy group (15) belongs to the class of groups considered by 
Van Vleck which consist of transformations of the form 

z cz, zh^d/z. (16) 

Van Vleck [34] proved that Fuchsian differential equations with such projec¬ 
tive monodromy groups can be characterized by the property that they have 
two linearly independent solutions whose product is a polynomial. This re¬ 
markable property was hrst discovered by Hermite [20] for the case of Lame 
equation, and generalized by Darboux [6] to equation (4) which is equivalent 
to (14). It permits to solve the equation in a closed form. If P is this poly¬ 
nomial, then two linearly independent solutions of (14) can be represented 
in the form 

wi = y^exp(^C JY[{z-, (17) 
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( 18 ) 


W2 = jX{{z-ajY^ . 

Hermite found the method of hnding P in terms of a^, aj and the accessory 
parameter. Equation on the accessory parameter comes from the condition 
that the monodromy group has the special form (15). In section 4 we perform 
all computations explicitly in a simple case. 

To pull back our metric on a torus, we model our spherical quadrilat¬ 
eral on a flat rectangle, instead of the half-plane. Consider the rectangle 
(0,Ci;i/2, ^2/2,a;3/2), where Ui and cua/f are positive and 002 = oJi + 1^3. Now 
the developing map / is dehned on this rectangle and maps it to the standard 
sphere. Without loss of generality one can assume that wi = 2 and 0)3 = 2iK, 
but sometimes we will use cui and Then the developing map extends by 
reflection to the whole plane. We assume without loss of generality that the 
vertical sides of the rectangle are mapped by / to the unit circle, and the 
side (0,a;i/2) to the real line. Then the developing map is real on the real 
line and satishes 

f{z + cui) = f{z), f{z + CU3) = (19) 

which is a special case of (6). To this one can add 

f(-z) = l/f{z) (20) 

and similar properties for conformal involutions with hxed points at taj/2. 
If the angles aj of our spherical rectangle are rij -1-1/2, then the map / is 
ramihed at the corners and is rrij = (2nj -|- l)-to-l near ujj/2, that is /' has 
a zero of order rrij — 1 at Uj/2 and no other zeros. 

In (19), a and the parameter r = tas/tai = iK are connected by some 
relation which also depends on the rrij. 

Thus we have the problem; 

For given periods uj and given integers mj, how many funetions f exist 
(up to proportionality) that satisfy (19) and have prescribed critical point 
pattern: critical points of order mj — 1 at Uj/2 and no other critical points. 

The Schwarzian derivative of / is doubly periodic with periods 2tai,2a;3, 
and has double poles at Uj, where we must have apparent singularities and 
the exponent difference must be mj. So our developing map is the ratio of 
two solutions of the Darboux-Treibich-Verdier equation (4). Thus we have 
an equivalent problem: 
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For given periods Uj and given integers Uj, how many real values of X 
exist, so that a ratio f = Wi/w 2 of some linearly independent solutions of (3) 
has properties (19) with some real a. 

Parameter A must be real because the Schwarzian of / is real on the real 
line, and p{z — ujj/2) are real on the real line for the lattices with real ui and 
imaginary 


4 Spherical rectangles with angles (|, |, |, |) 

In this section we prove Theorem 3. We consider the simplest spherical 
rectangles, with the angles (3/2,1/2, 3/2,1/2). The angles are measnred in 
half-tnrns, so that 1/2 means 7r/2 radians. 

Lemma 2. There are two families of spherical rectangles with angles 
(3/2,1/2, 3/2,1/2), each depending on a parameter a G (0,1). Rectangles of 
these families are isometric to subsets of the sphere whose oriented boundaries 
are shown in Fig. 1. 

Proof. The area of a rectangle with angles as in Lemma 2 is 1/2 of 
the area of the sphere; this follows from the Gauss-Bonnet formula. We can 
normalize the developing map so that the image of the bonndary is contained 
in the union of the real line, the line ia as in the previous section, and the 
unit circle. 

The image of any side cannot cover more than 1/2 of the great circle 
to which this image belongs, otherwise this image would contain either a 
half-plane or the exterior or the interior of the unit disk. Since the area of 
the whole rectangle is 1/2 of the area of the sphere, it wonld follow that the 
rectangle is isometric to a hemisphere, which is of course impossible. 

From Theorem 1 we know that some pair of opposite sides is mapped 
by the developing map to the same circle. Without loss of generality we 
assnme that this circle is the unit circle. Let s, s' be these two sides. They 
are oriented in the usual way, so that the rectangle is on the left of each side. 
The angle at the beginning of s is the same as that at the beginning of s', 
and it is either 1/2 or 3/2. So we have (at least) two types of snch rectangles. 

Consider a rectangle of the hrst type. Let the sides be (d, s, d', s') in the 
order of positive orientation. Without loss of generality, the image of d is 
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on the real line, oriented in the increasing direction. This image must be 
either (—1,1) or its complement. Without loss of generality, let it be the 
complement. 

Then the image of s must be a clockwise arc of the unit circle from —1 
to some point in the upper half-plane. Tracing the rest of the boundary 
we arrive at a picture in the top of Fig. 1. 

Rectangles of type 2 are considered in the similar way. This proves the 
lemma. 

An alternative way to understand spherical quadrilaterals is through their 
nets [8, 13, 14]. The developing map / maps the sides of a quadrilateral Q to 
three transversal great circles on the sphere. The net T of Q is the preimage 
in Q of these three circles. For each circle C, its preimage in Q is called C- 
net, denoted Fc- An arc of the net Fc is a connected component of Fc \ dQ. 
The net F dehnes a triangulation of Q, each face of it being mapped by / 
one-to-one onto one of the triangles into which the three circles partition the 
sphere. 

Lemma 3. Let C he the circle to which two opposite sides s and s' of a 
quadrilateral Q with angles (3/2,1/2, 3/2,1/2) are mapped. Then there is an 
arc 7 o/Fc with the ends at the two corners of Q having angles 3/2. 

Proof. Since the area of Q is 1/2 of the area of the sphere, and each 
corner having angle 3/2 has three faces of F adjacent to it, with the total 
area greater than 1/4 of the area of the sphere, there should be a face F of F 
adjacent to both of these corners. Thus these corners are connected by one 
of the sides of F which must be an arc of Fc because C is the only circle to 
which the images of both of these corners belong. 

Corollary. Each quadrilateral Q with angles (3/2,1/2, 3/2,1/2) is a union 
of two isometric halves of hemispheres, each of them bounded by the arcs of 
two great circles intersecting at a right angle. 

Remark. The statement of Lemma 3 is a special case of the following 
statement, which will be proved elsewhere: 

Let Q be a spherical n-gon such that all its sides are mapped to three 
transversal great circles by the developing map, and all its corners are mapped 
to some intersection points of those circles. Then there is (in general, non¬ 
unique) triangulation of Q by n — 3 disjoint arcs of its net, each arc having 
both ends at the corners of Q. 
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We recall that our quadrilateral has a marked corner, and two quadrilat¬ 
erals are considered congruent if there is an isometry between them which 
preserves the orientation and sends the marked corner to the marked corner. 

We choose the marked corner so that the angle at it is 3/2, and the two 
families are distinguished by the property that the side ending at the marked 
corner in the hrst family has the image on the same circle as its opposite 
side, while in the second family the side that ends at the marked corner and 
its opposite side have images on two different circles. 

Note that the choice of one of the two corners with the angle 3/2 as 
marked is not important, as our families have isometries z jz and 

z I— )■ e“”"/z, respectively, exchanging the two corners. 

Let us map our quadrilateral onto a flat rectangle with two sides [0,1] 
and [0, iLi], where 0 is the marked corner. Then iL > 0 is the modulus of the 
quadrilateral. 

Now we return to the proof of Theorem 3. Our two families are shown in 
Fig. 1. The marked corner is circled. Consider the hrst family. Taking log 
we obtain the region in Fig. 2. Now according to Schwarz and Christoffel, 
logarithm of the developing map dehned in the upper half-plane is 


Hz) 


log /(z) ^ A f 

•J k 


\ 


(1 + C)(fc-C) dC 
{i-C){k + 0 (c-c)(C-d)- 
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L{-k) 


-^L(-1) -► L{d) 

L{c)^ - L{k). -^- 

t K 

-^L(1) 


1/2 3/2 1/2 3/2 

—I- 1 I-1-1 I — 

d -k -1 c 1 k 

Figure 2: Conformal map, L = log/. 


This should be compared with Van Vleck’s general formula (17). The residue 
at c equals: 


A (l + c)(/c —c) 
c — d\ {1 — c){k + c) 


± 1 . 


Then the residues at d are =f 1 by the Residue theorem. This gives the 
condition 

h{c) = h{d) where h{x) = (21) 

(1 — x){k + X) 

This is the “Bethe-Ansatz equation” for this case. Thus d = —k/c and 


A = (c + fc/c), 


(1 - c){k + c) 
(l + c)(fc-c) 


> 0 . 


( 22 ) 


Therefore our integral is 


L( )= f" ^ + (l-c)(fc + c)(l + C)(fc-C) dC C g{c,C)dC 
Jk C + k/c\ {l + c){k-c){l-C){k + C)C-c ' Jk C-c ’ 

(23) 

where the branch of the square root in the upper half-plane is chosen so 
that the integrand is positive on [k, oo). This and other similar integrals are 
analytic for z in the upper half-plane, and when z is real we understand them 
as limits values of this analytic function in the upper half-plane. 
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Here c plays the role of the accessory parameter, and is simply related to 
it. The condition is that 


J-i C-c 


0 , 


which expresses the property that the points L{k) and L{—1) are on the same 
vertical line in Fig. 2 . As the part of the integral (23) over [— 1 , 1 ] is real and 
the part over [ 1 , k] is imaginary, our condition is equivalent to 


9{c,C)dC 

-1 C-c 


because the part of the integral in (23) over [—1,1] is real, and its part over 
[l,k] is imaginary. From this condition c G (—1,1) must be found. To 
regularize our integral on (— 1 , 1 ). write it as 

F{k,c):=[ {g{c,C) - g{c,c))-^^ + g{c,c) [ 

J-l C — C J-l c — C 


Now g{c, c) = 1 and 


dx 


1-1 X — c 


log 


1 - c 
l + c‘ 


The equation for c is F{k, c) = 0. 

We would like to know that c G (0,1) is uniquely determined by k. This 
would mean that there is at most one quadrilateral with prescribed modulus 
in each family. 


Proposition 1. There exists K^nt £ (0,1) with the following property. 
For every K G (0, A'crit) there exists unique c G (0,1) such that F{k, c) = 0. 
Moreover, c —)■ 0 as K ^ 0 and c —)■ 1 as K ^ K^nf 


Here A' is a known (increasing) function of k [1] see also (24) below. 


Proof of Proposition 1. To prove uniqueness of c it is sufficient to show 
that after multiplication of F by some function of k and c which is non-zero 
in the considered range, the result is strictly decreasing in c for each k. First 
we consider the function 


Fi{k,c) = 


(1 + c){k- c) 
\l (l-c)(k + c) 


F(k,c) 


(l + z)(k — z) (c + k/c)dz 
-i\ (1 - z)(k + z) (z - c)(z + k/c) 
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-k -1 


0 


1 


k 


Figure 3: Deformation of the path of integration. 


Then we do partial fraction decomposition 

c + k/c / 1 1 


{z — c){z + k/c) — c z + k/c 


The second partial fraction — 1 /( 2 : + k/c) is strictly decreasing in c G (0, 1), 
for each 2 ; G (—1,1), so it remains to prove that 



is decreasing. 

To do this we deform the contour of integration (see Fig. 3). We consider 
the simple closed curve 7 on the Riemann surface of the integrand which 
goes once around the segment [— 1 , 1 ] in the negative direction (clockwise). 


Then 



Then we deform the contour so that the part in the upper half-plane consists 
of the interval {k,R), R > k oriented from R to k, the interval {—R,—k) 
oriented from —k to —R and a large half-circle \z\ = R,lmz > 0. The 
integral over the half-circle is ±ni times residue at inhnity, thus it is pure 
imaginary. 

On the interval {k,R) the integral has the form 
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L{d) 


L(1) 


L(-1) 


L{k) 


L{-k) 


Lie) 


1/2 3/2 1/2 3/2 

-k d 1C k 

Figure 4: Conformal map L = log / for k > /Ccrit- 


where 0 > 0 and it is decreasing as a function of c. On the interval {—R, —k) 
the integral has similar form, and also decreasing as a function of c. This 
proves that for every k there exists at most one c such that F{k,c) = 0. Let 
this value be c{k). 

When k —)■ 1+, we have c{k) —)■ 0+ and c{k) is increasing. So we have 
some interval (0, fccrit) on which c is increasing. 

When k passes 1, c passes 0, and we obtain the second family. 

When k > fcent, the quadrilateral must have the shape as in Fig. 4. The 
conformal map is 


Liz) = \ogfiz) = A' f 

^ k 




il + Oik-C) dC 
(1-C)(fc + C) {C-c)iC + k/c) 


=: W rGiC,c)dC. 

Jk 


We want to keep A' > 0 but the residue at c now must be i, and the residue 
at d must be —i. That is 


A' (l + c)(/c —c) 
c — d\ (1 — c)(/c + c) 


±i. 
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Notice that the equation for d is exactly the same as before, thus d = —k/c, 
and that the expression under the root is now negative, and we obtain 


A' = (c-d). 


(c - l)(k + c) 


> 0 , 


^ (c+l)(k - c) 

as desired. The condition now is that 

SiA I' G((, c)d( = 0 £ G(C, c)d( = -tt, 

and this must dehne c G (1, k). The integral is now 

A A + k {c — l){k + c){l + x){k — x) dx 
J-i cx + k\ {c + l){k — c){l — x){k + x) X — c 

The only difference in comparison with the previous integral is that factor 
(1 — c) is replaced by (c — 1) under the square root, and the integral must be 
equal to — tt. This integral does not require desingularization. 

To hnd /Ccrit, we re-scale Fig. 2 so that the distance between T(—1) and 
L{k) remain hxed. Consider the rescaled degenerate conhguration. Fig. 5. 
This is a flat quadrilateral. The map of the upper half-plane on this region 
is given by 

r | (C-fc)(C + l) dC 
\ (C + k){C — 1) (C + k){( — 1) 

which is the same that we obtain if we put c = 1 in the integral in L{z). The 
condition would be now that 


iC-k)iC + l) 


dC 


-,\{C + k){C-i){C + k){C-i) 


= 0 , 


but this diverges at one end. Von Koppenfels [24, 5.3] integrates by parts to 
obtain his equation for critical k. 

The modulus of the degenerate region was computed by von Koppenfels 
[24, (5.3.30)] by solving the equation 


K{A) - 2E{k') = ['- 

Jo y 


dx 


1 — 


{1 — x'^){l — k'^x"^) 


1 — 


■dx = Q. (24) 
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L{k). _ 



L{-k) 



L(1) 


-1/2 3/2 -1/2 3/2 

- 1 - 1 - 1 - 1 — 

-/e -1 1 k 

Figure 5: Limit of rescaled maps for k = fccrit- 
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The solution is approximately 

= 0.9089085575 .... (25) 

The relation between our k and k' is the following k = (l + fi;)/(l — k), where 
K = vT — This gives the critical value kcnt = 2.4305. 

Thus as k varies from 1 to kcnt-, c varies from 0 to 1, and K (the modulus) 
varies from 0 to ifcrit ~ 0.709459. 

When k —)■ 1+, c —)■ 0+; after this point is passed, we obtain the second 
family, with modulus K' near inhnity. This second family is symmetric to 
the hrst, so there is a correspondence K' ^ 1 /K. As seen from the pictures, 
and using the domain extension principle we have K^nt < 1- 

Thus for every 77 > 0 we have at most one quadrilateral with angles 
(3/2,1/2, 3/2,1/2). It is of the first type when K < and of the second 
type when K > 1/Kent- This completes the proof of Theorem 3. 


5 Remarkable constants 

Paper [3] contains new proofs of some results from [25]. It is noticed in 
[3, Remark 2] that equation (24) and its solution nKt in (25) is a famous 
constant discussed in Finch [15, 4.5]. To conform to Finch’s notation, let 

^ ■ ^crit) 


and 

f —nK (t/l — cA \ 

A = exp -^ = 0.1076539192 .... 

V K{c) j 

There was a constant known for some time as the “One-Ninth” constant in 
approximation theory, until Gonchar and Rakhmanov proved that it equals 
A. Earlier the same constant A implicitly appeared in Euler’s work on elas¬ 
tics. Halphen [19, p. 287] mentions c as the unique solution of the equation 

OO 

+ 0 <a;<l, 

n=0 

and computes this solution to six digits. 


22 



Related constant in [25], 


K{c) 

' K( ./r^ 

appears in [25] in the study of metrics of curvature 1 with one conic singu¬ 
larity on real tori, but the real tori in [25] are different from the real tori 
studied here. 

We recall that there are two types of real tori; in the first type, which we 
called rectangular in this paper, the parameter r = u^/ui is pure imaginary. 
The second type, which is studied in [25] can be called “rhombic”, and can 
be characterized by the property Rer = 1/2. 

The problem considered in [25] has no solutions for rectangular tori, while 
it has a unique solution for the rhombic tori with parameter r = 1/2 -|- *6 
exactly when b > bi or b < l/(45i). 

That the same constant arises in these two different settings suggest some 
relation between the problem studied in [25] and the problem studied here 
in Section 4^ 


6 Algebraic developing maps 

When the angle a in Fig. 1 is rational, the monodromy of / is a hnite group, 
therefore / is an algebraic function. In this case, the general solution of 
(14) is algebraic, and according to a theorem of Klein, (14) is a pull-back of 
a hypergeometric equation via a rational function [2]. This type of Heun’s 
equations was intensively studied, see, for example [37, 38, 36], but the case 
of algebraically solvable Heun’s equation considered here seems to be new. 

The procedure of obtaining an explicit expression of / is explained in 
detail in [10]. Let a = p/q, {p,q) = 1. The monodromy group of the 
developing map / is a dihedral group of order 2q. It is generated hy z If z 
and i—)■ The fundamental invariant of this dihedral group is the 

^In a private communication, C.-S. Lin explained this coincidence: there is a degree 2 
isogeny T —>■ T' between a rectangular torus T with primitive periods (l,it) and rhombic 
torus T' with primitive periods (1 ± it)/2. Every metric on T' with one conic singularity 
at 0 pulls back via this isogeny to a metric on T with singularities at 0 and (1 -|- it) 12. 
Using this correspondence, Proposition 1 can be derived from the results in [25], but our 
proof of Proposition 1 is much more elementary. 
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rational function 



This is a Belyi function which means that its critical values are 0,1, cxd. It is 
real on the real line, on the unit circle and on the line It is easy to see 
that h = g o f is also a Belyi function, and for small values of q function h 
can be found explicitly, which gives an explicit expression of /. 

Here we only give few examples. 

Example 1. a = 1/2. In this case, the image of the real line under / is 
contained in three perpendicular circles: the real and imaginary lines and 
the unit circle. 

Consider the function 



The critical points 0, oo, ±1, ±i are all simple, and the critical values are 
^(0) = ^(oo) = cx), ^(±1) = 0, g{±i) = 1. 

Function has the symmetry properties 


9 {z) = g{-z) = g{l/z) = g{z). 


Therefore, real and imaginary lines and the unit circle are mapped on the 
real line, and these three circles constitute the full preimage of the real line. 
These three circles define a cell decomposition of the sphere into 8 triangles, 
each is mapped bijectively onto the upper or lower half-plane. Function g is 
totally ramified over 0,1, oo, with simple ramification points over each. 

Consider the function h = g o f in the upper half-plane. It is real on 
the real line, so it extends by symmetry to a rational function. This rational 
function has the property that it is ramified only over 0,1, oo, so it is a Belyi 
function [30]. It is not difficult to write h explicitly: 


h{z) 


{z + 2 ){z-2f 

3{z'^ + 2z-2y' 


The critical points are: 

— 1 of multiplicity 2 with critical value 1, 
2 of multiplicity 2 with critical value 0, 
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and two simple critical points — 1 ± \/3 with critical valne oo. 

It follows that / = g~^oh maps the npper half-plane onto a rectangle with 
angles (1/2, 3/2,1/2, 3/2), as in Fig. 1 with a = 1/2, and k = 2, K = 0.63963 
in this case. 

Example 2. a = 1/3. Monodromy group is dihedral in this case, and we 
can End / in the form / = g~^h where 


and h is a Belyi function of the form 

^ (z - x)Hz - a) 

''(z - yr(z - tr' 


with parameters a, x, y, s, t chosen so that the following conditions are satis¬ 
fied: 

h(0) = h{l) = h{w) = 1, h'{l) = h"{l) = h'{w) = 0. 

Computation with Maple gives the following exact values, where we denoted 
e = 2^/3 > 0; 

a = —6 -|- —e -|- 3 ~ 6.87, 

4 2 


1 2 3 3 

X —-6 — -6 ~h —1 

10 10 5’ 

y = + 0 ^+ 0 ^ -VSe^ -|- lOe -|- 13, 


2 2 


1 


t — —6^ -|- —6 3” 2 -|- lOe -|- 13, 

33 2 21 

s — —e H——e -|- 13. 

4 2 


Function h has critical values 0,1, cxd whose preimages are: 


Zeros: a of multiplicity 1, a; of multiplicity 2 and cxd of multiplicity 3. 
1-points: 0 of multiplicity 1, tc of multiplicity 2 and 1 of multiplicity 3. 
Poles: y and t both of multiplicity three. 
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By a direct verification g~^{h) maps the upper half-plane onto a rectangle 
equivalent to that shown in Fig. 1 with a = 1/3. 

We have K k, 0.67957 for this quadrilateral. 

Example 3. a = 2/?). Function g is the same as in (26), and consider the 
Bely function 

^ 64(135 + 78 V3)(;2-1)3 

~ (;2-4-2^3)3(3^ + 273)3' 

Equation h{z) = 1 has two simple real solutions, 0 and 8 + 4\/3, and two 
complex conjugate solutions of multiplicity 2. Function h has 2 triple zeros, 
at 1 and oo, and two triple poles. Then / = g~^ o h is the developing 
map of a spherical rectangle equivalent to that shown in Fig. 1. Parameter 
corresponding to this example is 77 = 0.57735. 
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